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Abstract 

In this paper we compute upper bounds for the number of ordinary triple 
points on a hypersurface in P 3 and give a complete classification for degree 
six (degree four or less is trivial, and five is elementary). But the real 
purpose is to point out the intricate geometry of examples with many 
triple points, and how it fits with the general classification of surfaces. 

Introduction 

The problem of finding the maximal number of simple singularities on projective 
hypersurfaces has attracted a lot of attention in the last twenty years. In this 
paper we study surfaces with a simple kind of non-simple singularities, namely 
ordinary triple points. In contrast to the case of simple surfaces singularities 
(classified by DuVal as those which 'do not affect the conditions of adjunction' 
[DV]) the invariants of the surface and its type in the classification of surfaces may 
change. Normal surfaces with higher singularities provide interesting examples 
of surfaces found, so to speak, in our back-yard. 

We warm up by looking at quintics with isolated triple points. Their analysis 
is very elementary, but yields examples which nicely illustrate many aspects of 
the general theory of surfaces. Quintics with many triple points were to our 
knowledge first studied by Gallarati [G]. 

For higher degree surfaces the location of the triple points will matter very 
much, and the problem of finding the maximal number becomes very difficult. 
We derive several bounds on the number of triple points. We found an example 
of a septic with a high number (16) of triple points, which is one short of our 
upper bound. For sextics we give a classification, which takes up the main part 
of this paper. 

Our research started out as search for sextics with many triple points. In 
particular, a sextic with 11 triple points would be very interesting. In fact, given 
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the right configuration lying on a quadric, it would furnish a birational Abelian 
surface. However, we could not find such a surface; the putative example turned 
out to be a triple cover of a quadric. Then it was easily remarked that 11 triple 
points are a priori impossible. Instead we found many examples with 9 triple 
points and general arguments allowing to rule out possibilities. The successful 
construction of an example raises the question how special the construction is: 
can it be generalised? This can be decided by infinitesimal methods. Let E^ 
be the stratum of surfaces with v ordinary triple points in the parameter space 
of all surfaces of degree d. A lower bound for the dimension of E^ in the point 
representing an explicit example X is the number of moduli in the construction 
plus 15 from coordinate transformations — the stabiliser of the point configura- 
tions being discrete for large v. An upper bound is given by the dimension of 
the Zariski tangent space. If these dimensions are equal we know that the stra- 
tum is smooth of the given dimension in that point, and the construction gives 
the general element of the component of E^. To compute the Zariski tangent 
space we have to determine which polynomials of degree d induce equisingular 
deformations of the singular points, which for each specific example can easily be 
computed with Macaulay [B-M]. 

The clue to classifying sextics with many triple points is the study of excep- 
tional curves of the first kind on the minimal resolution. It turns out that only a 
few different cases can occur. For nine triple points, we find three families of K3 
surfaces (theorem 4.13) and two families of properly elliptic surfaces (theorem 
4.14). In the K3 cases we find for each possible configuration of the nine points 
a pencil of sextics of the form ag + (3q 3 , where q defines the (unique) quadric 
through the nine points, and g is a reducible sextic. In the other two cases we 
find even a net of sextics, again containing q 3 and reducible sextics. Constructing 
reducible sextics with triple points is not so difficult. 

Regarding the existence of a sextic {g = 0} with 10 triple points we first 
observe that the pencil ag + j3q 3 , where {q = 0} passes through nine of them, 
falls into one of our five families of sextics with nine triple points. Assuming that 
an element of such a family has a tenth triple point gives conditions on the coeffi- 
cients. The resulting equations are much to difficult to solve. By imposing extra 
symmetry we have been able to reduce the number of variables and equations, 
while keeping at least a one-parameter family of solutions. 

This paper is organised as follows. First we study quintics with triple points. 
The next section describes the birational invariants of our surfaces. In the third 
section several bounds for the number of triple points on a surface of degree d are 
given. Then we identify the exceptional curves. The next section is the main part 
of this paper. First we study the exceptional curves on a sextic with triple points 
and find only a few different cases, depending on the geometric genus (corollary 
4.4). Based on the geometry of the exceptional curves, we give an overview over 
sextic surfaces with 0, . . . , 10 ordinary triple points. For convenience, a list of 
sextics with triple points and their invariants is given (theorem 4.18). In the last 
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section a septic with 16 ordinary triple points is constructed. 

1 Quintics 

A smooth quintic in P 3 is one of the simplest examples of a surface of general type. 
Its Chern invariants are given by c\ = 5, c 2 = 55 and thus x = 4. Furthermore it 
has the Hodge invariants p g = 4, q = and h 1 ' 1 = 45 (we give general formulas 
in the next section). The adjoint system consists of planes, thus is 4-dimensional 
(illustrating p g = 4). 

If nodes are allowed, or more generally rational double points, nothing hap- 
pens to the invariants, as the corresponding resolutions are smooth deformations 
of smooth quintics. It is however an interesting question to try and decide what 
'bouquets' of rational double points can be imposed. The maximal number of 
nodes is 31 (see below), and one may impose five E$ singularities (w 5 = F(x, y, z) 
where F is a plane quintic with five cusps) which is somewhat short of the maxi- 
mal number 44 = h 1,1 — 1 (counted with multiplicity according to Milnor number) 
theoretically possible. 

If other types of singularities are considered, more interesting things happen. 
Invariants change, and also the type of the surfaces. There exist classifications 
of quintics with isolated singularities (at least for those of general type), and 
interesting such examples occur for E s singularities (normal form: z 2 = y 3 + 
Xx 2 y 2 + x 6 ). We will however restrict ourselves only to ordinary triple points 
(locally f(x, y, z) — with / a smooth plane cubic). It is easy to see (cf. Section 
2), that a triple point decreases c\ by three and c 2 by nine (and thus x by one). 
Furthermore the adjoint system consists of planes passing through the triple 
points. We can thus establish the following table, where v denotes the number 
of triple points. 



V 


r 2 


c 2 


X 




Q 


Type of surface 





5 


55 


5 


4 





general type 


1 


2 


46 


4 


3 





general type 


2 


-1 


37 


3 


2 





elliptic blown up once 


3 


-4 


28 


2 


1 





K3 blown up four times 


4 


-7 


19 


1 








rational 


5 


-10 


20 








1 


ruled over elliptic curve 



The most interesting thing about this table is the geometry of the special ex- 
amples, which nicely illustrates many aspects of the general theory of surfaces. 
We should also note that the constructions of surfaces are elementary, as we can 
impose the triple points generically, and then simply solve linear equations in the 
coefficients. We observe that the line joining any two triple points lies by Bezout 
on the surface, and furthermore is exceptional. The latter is true for any conic 
passing through three triple points and lying on the quintic. 
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Let us now comment upon our small menagerie of surfaces, found, so to speak 
in our back-yard. 

v — 1 : This is a double octic, the double cover of P 2 effected by projection from 
the triple point. (In fact all the quintics with triple points, can be considered 
as double octics, with one less triple point.) Note that not all double octics 
are of this type. 

v — 2 : An elliptic surface blown up. The elliptic fibration is given by the planes 
through the line joining the two triple points. The intersection consists 
of the line and a quartic with two double points at its intersection with 
the line. The resolution of such plane quartics (a resolution effected by 
the desingularisation of the triple points) is clearly elliptic. The canonical 
divisor will coincide with the elliptic fibration (plus the exceptional divisor). 
The elliptic curves which arise from desingularisation, will be bi-sections of 
the elliptic fibration. 

v = 3 : A K3 surface blown up four times. The canonical divisor is given by 
the plane through the three triple points. The intersection of the quintic 
with that plane is given by the three lines of the corresponding triangle, 
and the residual conic, passing through them all. If you make the resolved 
surface minimal, you get a K3 surface with three elliptic curves E { all 
passing through a common point p and any two E*, Ej (1 < % ^ j ' < 3) 
also intersecting in another point pk (i, j, k distinct integers). Each of 
those elliptic curves will give rise to elliptic fibrations, which are amusing to 
identify. All the K3 surfaces will have Picard number at least three, and the 
configuration of the elliptic curves will give a common sublattice to them all. 
Conversely starting with a K3 surface with such a sublattice of its Picard 
group, we choose a point p and elliptic curves in each of the corresponding 
pencils, passing through p. Those will define intersection points pk = EidEj 
(i, j, k distinct). Blowing up the points to exceptional divisors Fk and G 
(the latter corresponding to the blow up of p) we can in fact write down 
the divisor H of degree 5, effecting the birational embedding. Namely 

H = E\ + E2 + E3 — F\ — F2 — F3 — 2G . 

It is straightforward to check that H 2 — 5, H • Ei — and H • Fi — 1 while 
H ■ G = 2. Independent examples of such K3 surfaces are furnished by 
quartics with three lines, each of which gives rise to an elliptic fibration. 
It could be a mildly challenging exercise for the reader to see how such 
a quartic can be transformed into a quintic with three triple points. It 
is also amusing to count parameters: there are 56 quintic monomials, 10 
conditions for a triple point at a fixed location, and 6-dimensional family of 
projective linear transformations, fixing three points. This makes 19. On 
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the other hand K3 surfaces with Picard number at least three, make up a 
17-dimensional family, and we add 2 for the position of the point. 

v = 4: A rational surface blown up many times (15 or 16 times). You expect 
an infinite number of exceptional curves of the first kind. Ten of those are 
obvious, given by the six edges of the tetrahedron spanned by the triple 
points, and the four residual conies corresponding to each face. It is a 
challenge to find others. 

v = 5 : A ruled surface over an elliptic curve, blown up ten times. The twenty 
exceptional divisors, which come in pairs, are obvious. Each pair of triple 
points determine an exceptional line, and dually the three remaining triple 
points a residual exceptional conic. This also gives a clue to the ruling. 
Through six points one may always find a unique twisted cubic. For each 
point on the surface, consider the twisted cubic through it and the five 
triple points. By Bezout this curve has to lie on the surface. The resolved 
elliptic curves will be sections. By blowing down the ten lines (or the ten 
conies) we get a minimal ruled surface. This will turn out to be the one 
coming from the stable rank-two bundle on an elliptic curve. 

Note that six or more triple points is an impossibility. Such a putative surface 
would necessarily have x < and hence be ruled over a curve of genus g > 1. In 
such surfaces there is no space for elliptic curves, as they can neither surject on 
to the base, nor squeeze into the fibres. 

Quintics with at least four triple points can be simplified using a birational 
transformation, known as reciprocal transformation [SR, VIII § 4]. The ordi- 
nary plane Cremona transformation using the linear system of conies through 
three points can be described in suitable coordinates by the formula (x:y: z) \— > 
(l/x:l/y :l/z). This formula generalises to higher dimensions. In particular, the 
space transformation 



simultaneously blows up the vertices and blows down the faces of the coordi- 
nate tetrahedron. The vertices are called fundamental points of the reciprocal 
transformation. Let Y C P 3 by a surface of degree d not containing any of the 
coordinate planes. Let mi, . . . , 7774 be the multiplicities of Y in the fundamental 
points. Then the image Y' of Y is a surface of degree 3d — mi — ■ ■ ■ — 777.4. In many 
cases V will be singular in the fundamental points with singularities obtained 
from contracting the intersection curves of Y with the coordinate planes. 

For a quintic X the following happens: taking four triple points as fundamen- 
tal points we transform the surface into one of degree 3-5 — 4-3 = 3. Conversely, 
given four points on a cubic surface we obtain a surface of degree 3-3 — 4 = 5 




x y z w 



1 1 
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with four new singularities, which are ordinary triple points if the tetrahedron 
(spanned by the four points) cuts out smooth curves. This argument shows that 
five triple points are maximal, and realisable by starting with a cubic cone. The 
construction also allows you to find the blown up rational quintic with four triple 
points. As we all know the cubic can be thought of P 2 blown up six times. The 
four vertices of the tetrahedron will provide four more blow ups, and finally the 
six edges of the tetrahedron, each intersect the cubic in a residual point, each of 
which is blown up. This makes a total of sixteen. 

It is amusing to continue. Setting H to be the hyperplane section of the cubic 
(thus H 2 = 3) and letting Ei denote the exceptional curves associated to the four 
vertices, and E^ the residual intersections associated to the six edges, we can 
write down the linear system on the cubic, which gives the quintic, as 

3H — 2 Ei — Eij . 

i ij 

This linear system blows down the four elliptic curves 

H — Ei — Ej — Ej, — Eij — Eik — Ejk 

each of which has self- intersection 3 — 6 = —3. Furthermore the six exceptional 
curves E^ are mapped onto lines, namely the edges of the tetrahedron spanned 
by the triple points, while the exceptional curves Ei are mapped onto residual 
conies. Each of the 27 lines of the cubic, which does not pass through a vertex, 
maps onto a twisted cubic passing simply through all four triple points. As there 
are exceptional curves of arbitrary high degree on the cubic blow-up, we see that 
on a quintic there may be exceptional curves of arbitrary high degree. 

The above analysis is very elementary, and parts of it has not too surprisingly 
already appeared in the literature [G]. It can be generalised in a number of 
different ways. One, which we have already mentioned, is to consider more general 
singularities (in this way interesting surfaces of general type can be constructed 
[Y]), the other is to consider triple points on surfaces of higher degree. 

2 Invariants 

A surface singularity P G X is an ordinary triple point of X if there exist local 
coordinates x, y and z centred at P such that X is given by the equation 

x 3 + y 3 + z 3 + Xxyz = 

for a A G C with A 3 ^ —27. Such a triple point is also called a singularity of 
type E 6 (resp. P 8 , T 3 3j3 ). The minimal resolution of an ordinary triple point is 
given as follows: let 7Tp : X — > X be the blowup of X in P and let Ep be the 
exceptional divisor. This is a smooth elliptic curve, given in suitable homogeneous 
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coordinates (x:y:z) by the equation x 3 + y 3 + z 3 + Xxyz = 0. In particular X is 
smooth in every point of Ep and the self intersection of Ep on X is —3. 

Now let X C P 3 be a projective surface of degree d with v isolated triple 
points. Let § = {Pi, . . . , P u } = X sing be the singular locus of X and let X be the 
blow-up of X in S; it is a smooth model of X, however not minimal in general. 
We will denote the minimal model of X by X. Moreover let E = Yli=i be the 
sum of all exceptional divisors. 

There are basically two types of invariants of X. To start with, there are in- 
variants of local nature which take into account the number, but not the position 
of the triple points. This are the Chern numbers c\ (X) 2 , c 2 (X) and the holo- 
morphic Euler characteristic x (®x)- Second, there are invariants which are also 
influenced by the position of the triple points. Amongst them are the geometrical 
genus p g (X), the irregularity q (X), the Betti numbers hi (X), the Hodge num- 
bers h p ' q (X) and the Kodaira dimension k(X). We are going to compare these 
invariants with the invariants of a smooth hypersurface X s of degree d. 

The canonical class and Ci (X) 2 : we have Kx ~«m K*Kx a — E. This follows 
from the adjunction formula: we know that E^ ■ {Kx + Ej) = 0, so if 
K x ~un Tf*K x -aE, then Ei-iKx+Ei) = E^Kx-aE+Ei) = 3(a-l). 
As K x 2 = K Xs 2 we find 

Cl (X) 2 = K x 2 = K x 2 - 3i/. (1) 

Every triple point diminishes c\ (X) 2 by three. 

The Euler number e (X) = c 2 (X): the drop in the Euler number is purely 
local and can be computed by means of topological considerations from the 
Milnor number /jl(E 6 ) = 8 and the Euler numbers e(Ei) = e (torus) = 
and e (point) = 1 as follows: 

e (X) = e (X 8 ) + v (-e (point) + e (E x ) - fi (E e )) 
= e (X s ) - 9u. 

So every triple point diminishes the Euler number by nine. 

The holomorphic Euler characteristic x (&x)'- the Noether formula on X 
says X (Ox) = (c x (X) 2 + c 2 (X)) /12, hence 

x(Ox)=x(O x .)-u. 

Every triple point diminishes the holomorphic Euler characteristic by one. 

A quick (cheating) way of computing the above 'drop' in invariants exploits 
the local character of the Chern invariants. So consider a smooth cubic, whose 
invariants are c\ = 3 and c 2 = 9. A cubic with a triple-point is a cone over an 
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elliptic curve, the resolution is a ruled surface over an elliptic curve, and hence 
Ci = c 2 = giving indeed the 'drops' three and nine, deduced above. 

Now we come to the other invariants. The adjoint linear system on X is 
cut out by those surfaces of degree d — A which pass through every point of §. 
Intuitively speaking, every triple point in general position puts a linear condition 
on the adjoint linear system of X, so it will diminish the geometric genus p g (X) 
by one (if not already zero). Let a G N be the discrepancy defined by 

Pg ( x ) = Pg ( x s) -v + a. 

As a consequence 

q(X) = q(X s ) + a. 

Both X and X s are Kahler, so we have the Hodge decompositions of H l (X, Z) ® 
C ^ H\X, C) and H\X S , Z)®C = H\X S , C). From the equalities h p ' q = h q > p = 
h A ~ p,q and bo (X) = b (X s ) = 1 one easily computes 

b 2 (X) = b 2 (X s ) -9u + 4a, 
h 1 ' 1 (X) = h 1 ' 1 (X s ) -7u + 2a. 

The other Betti numbers and Hodge numbers do not give more information: 
6 3 (X) = 61 (X) = 2q(X), h lfi (X) = h^(X) = h 2 ^(X) = h 1 ' 2 ^) = q(X), 
h 2 ' (X) = h°> 2 (X) = Pg (X) and h°'° (X) = h 2 > 2 (X) = 1. 

We list the invariants in terms of d, v and a in the following table. 





X s 


X 


ci 


d(d-A) 2 


d{d-A) 2 -3u 


c 2 


d{d 2 - Ad + 6) 


d(d 2 - Ad + 6) - 9z/ 


X 


d(d 2 -6d+ll)/6 


d(d 2 -6d+ 11) /6-u 


Pg 


(V) 




Q 





a 


b 2 


d 3 -Ad 2 + U-2 


d 3 - Ad 2 + 6d - 2 - 9v + Aa 


h 1 * 1 


d(2d 2 -6rf + 7)/3 


d(2d 2 - 6d + 7)/3 - lv + 2a 



Table 1: The invariants of X s and X 



The Kodaira dimension k(X) measures the growth of the plurigenera P n (X) = 
h°(X, Ox(nKx)) as n grows. In general we have [BPV, ch. I, thm. 7.2] 

(jt / >0 ifp 9 (X)>land 
K{ ^ ) \ > 1 ii Pg (X) > 2. 

For surfaces of general type P 2 (X) = Kx 2 + x (@x) + where e is the number of 
exceptional divisors. Generally we have P n (X) = \n(n — 1)(K X 2 + e) + x {Ox)- 
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3 Bounds for the number of triple points 



The surface X can have only a finite number of ordinary triple points, the max- 
imal number depending on its degree d. Let 113 (d) be the maximal number of 
ordinary triple points of a degree d surface. We immediately find 

^3(1) = ^(2) = 0, /x 3 (3) = ^3(4) = 1 and /i 3 (5) = 5. 

The only cubic surface with an ordinary triple point is the cone over a plane 
smooth elliptic curve. A quartic surface with two triple points is necessarily 
singular along the line joining these two points. As we have seen in the preceding 
section, for quintics the result is due to Gallarati [G]. 

The position of the triple points cannot be too special, as also the maximal 
number of triple points of X on a given curve or surface is bounded. Let C C P 3 
be a curve of degree c and V C P 3 a surface of degree v. 

Lemma 3.1 

1) C contains at most c(d — l)/2 triple points of X (with multiplicity) . 

2) If V and X do not have a common component, then V contains at most 
vd(d — l)/6 triple points of X (with multiplicity). 

Proof: Consider the linear system L p of polar surfaces of X, i.e. the linear system 
generated by the partial derivatives of the degree d polynomial defining X. Then 
S is exactly the base locus of L p and the general member X p G £ p is a degree 
d — 1 surface which is smooth except ordinary double points in the triple points 
of X. So X p does not contain a component of C. In every triple point P G S 
the intersection multiplicity of C and X p in P is multp(C, X p ) > 2 and thus 
2v < C ■ X p = c(d - 1). This proves 1). 

The surfaces V, X and X p intersect in a finite number of points. In ev- 
ery triple point P G S the intersection multiplicity of V, X and X p in P is 
multpty, X, X p ) > 6. Hence 6u < V ■ X ■ X p = vd(d - 1) and 2) holds. □ 

We will now discuss three bounds for fi 3 (d) with d > 6: the polar bound, the 
Miyaoka bound and the spectrum bound. 

The polar bound: Suppose that p g (X) > 1. Taking a general adjoint 
surface V — K p we find using lemma 3.1 2) 

v< X -d(d-\)(d-\). 

The condition p g (X) > 1 is satisfied for d > 6. This can be seen as follows. 
Substitute a = p g (X) — ( d ' 3 1 ) + v, then the inequalities 1 + v < h 1 ' 1 (X) and 
q (X) > imply 

Pg (X)>±-(d-l)(2d 2 -lQd + 2l). 
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So for d > 7 we have even p g (X) > 2. The bound 1/ < ^d(d— l)(d — 4), which we 
call polar bound, even holds for d = 6 in case p g (X) = 0. Then 62 (A) = ft- 1 ' 1 (X) 
and the equation 1 + v < ft, 1 ' 1 (X) gives 



v < 



18 



(d- l)(d 2 + d-3) 



10. 



We get the following table. 



d 


5 


6 


7 


8 9 


10 


11 


12 


v < 


6 


10 


21 


37 60 


90 


128 


176 



Table 2: The polar bound 



The Miyaoka bound: Miyaoka's famous bound [M] applies only to quotient 
singularities of surfaces with nonnegative Kodaira dimension. However there is a 
generalisation by Wall [W, cor. 2] which also applies to log-canonical singularities 
on surfaces with nonnegative Kodaira dimension. Applied to triple points, we get 
the bound 

v<^d(d-lf. 

As p g (X) > 2 for d = deg(A) > 7 this bound holds for every surface with triple 
points of degree > 7 and we get the following table. 



d 


7 


8 9 


10 


11 


12 


v < 


18 


29 42 


60 


81 


107 



Table 3: The Miyaoka bound 



The spectrum bound [AGV, sect. 14.3.2] uses the semicontinuity of the 
spectrum of a singularity. Let /: (C™ +1 ,0) — > (C, 0) be the germ of an isolated 
hypersurface singularity with Milnor number fi. Then the characteristic polyno- 
mial of the monodromy has \x eigenvalues which are roots of unity, and the Mixed 
Hodge Structure on the cohomology of the Milnor fibre gives a way to take log- 
arithms. The precise definitions are not important for us now. The spectrum is 
easy to compute for a function of the form / = Xq° + . . . + x^ n : then the spectrum 
is the set of rational numbers (with multiplicity) of the form io/ao + ... + i n /cin 
with the ij running from 1 to a 3 ■, — 1. Specifically we can take ai = d for all i, and 
as the spectrum is invariant under /x-constant deformations, we have it now for 
any homogeneous isolated singularity. A projective hypersurface with isolated 
singularities has a smooth hyperplane section, and the affine complement of the 
section is a small deformation of the affine cone over the hyperplane section, so a 
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homogeneous isolated singularity. The important property of the spectrum is its 
semi continuity, in the sense that for every open interval of length 1 the number of 
spectral numbers in it of the singularity in the special fibre is at least the sum of 
the spectral numbers in the same interval of all singularities in the general fibre 
of a 1-parameter deformation (of negative degree). We consider the spectrum as 
a divisor on Q. With this notation the spectrum for d — 5 is 

1(1) + 3(f) + 6(|) + 10(|) + 12(|) + 12( |) + 10 (f) + 6(f) + 3(f) + 1(f) 

The spectrum of an ordinary double point is (|). As the open interval (|, |) 
contains 31 spectral numbers, a quintic surface can contain at most 31 nodes. 
The spectrum for an E 6 is 

+ 3(f) + 3(f) + 1(|). 

The open interval (f , |) contains 40 spectrum numbers of the quintic, and seven 
of Eq, so LyJ — 5 is the spectrum bound. Analogous computations for higher 
degree give the following table. 



d 


5 


6 


7 8 


9 


10 


11 


12 


v < 


5 


11 


17 29 


45 


60 


84 


114 



Table 4: The spectrum bound 

Putting all bounds together we arrive at the 

Proposition 3.2 Let X C P 3 be a surface of degree d > 3 with v ordinary triple 
points as its only singularities. Then v is bounded as given by the following table. 



d 


3 


4 


5 


6 


7 8 


9 


10 


11 


12 


v < 


1 


1 


5 


10 


17 29 


42 


60 


81 


107 



We want to classify surfaces in P 3 with only ordinary triple points. In contrast 
to surfaces with only ordinary double points, the class of a surface can change if 
more triple points come into play. The more triple points, the less nef Kx will 
become and this makes the Kodaira dimension eventually drop. The cases d < 4 
being obvious, we can state the 

Proposition 3.3 If d > 7, then X is minimal. If d = 6, then the smooth rational 
(— 1)- curves on X come from rational curves C of degree c > 2 on X through 
2c + 1 triple points (with multiplicity) , while for d = 5 they come from curves of 
degree c > 1 on X through c + 1 triple points. 
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Proof: Let C C X be a rational curve of degree c such that Ccl is a smooth 
rational (-l)-curve. Then -2 = deg^c = (K x + C)\ d = K x ■ C + C 2 = 
c(d - 4) - mult (C, §) - 1. Hence 

mult(C,S) = c(d-4) + 1. 

Applying lemma 3.1 1) we find that 

c(d - 4) + 1 = mult (C, S) < i c(d - 1) 
and consequently c(d — 7) < —2. This implies d < 6 and c > 2 for d = 6. □ 



Corollary 3.4 If d > 7, then X is a minimal surface of general type. 

Proof: For d > 7 X is minimal by proposition 3.3. JTx is effective, so by the 
Enriques-Kodaira classification we just have to show c\ {X) 2 > 0. But C\ {X) 2 = 
d(d - 4) 2 - 3z/, so ci (X) 2 < iff 

z/>^(rf-4) 2 . 

Playing this inequality against the Miyaoka bound gives a contradiction. □ 



4 Sextics 

4.1 Exceptional curves 

We intend to study the (— l)-curves on X. The amazing thing is that there are 
severe restrictions. The consequences of lemma 3.1 and proposition 3.3 are as 
follows. 

• At most two triple points lie on a line L C P 3 . 

• At most five triple points lie in a plane H C P 3 and if so, then H ■ X = 3C 
for a smooth conic C, and C C X is a smooth rational (— l)-curve. 

The conic through five triple points gives the simplest example of a (— l)-curve 
(this really does occur, see section 4.2 for explicit examples). Such a conic will 
be called a (— l)-conic; by abuse of notation we also call the curve C C X a 
(— l)-curve, if C C X is an exceptional curve of the first kind. The next possible 
candidates would be a twisted cubic curve through seven triple points and a 
rational quartic curve through nine triple points. Surprisingly the twisted cubic 
is impossible. 

Proposition 4.1 At most six triple points lie on a cubic curve Del. 
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Proof: By lemma 3.1 1), a cubic curve contains at most seven triple points. So 
assume that mult(-D,S) = 7. Then D cannot be a plane curve and D cannot 
split in three lines. So either D = C + L for a nondegenerate conic C and a line 
L with mult(C, §) = 5 and mult(L, S) = 2 or D is a twisted cubic curve. 

In the first case let H be the plane containing C. Then H ■ X = 3C, so L 
and C meet in one point P G I \ §. But then L ■ X > 7, so L C X. Hence 
L C Tpx = -H", contradiction. 

In the second case let iV be the net of quadrics with the twisted cubic D as 
its base locus. So the general (smooth) quadric Q G N intersects X in S and a 
residual curve Dq of type (4, 5) with double points in D fl S. But on Q we have 
D- D Q = (2, 1).(4, 5) = 14. Hence D n A3 = £> n § for the general Q E N. But 
for every P <E D \ S there exists a pencil of quadrics iVp C AT having contact to 
X at P. This implies that P G for all Q G iVp. Now two things can happen. 
Either Np C iV moves if we move P on D \ § or iVp is constant. If Np moves it 
will sweep out a Zariski open subset of N ~ P 2 . Then L> fl -Dq = -D fl S cannot 
hold for the general element of N. So N P is constant and for every Q G iVp, 
X has contact to Q along D. But then for two elements Q 7^ Q' G Xp one has 
Q ■ Q' = 2D + £)' for some curve £)', contradiction. □ 

Corollary 4.2 There is no (-l)-curve of degree three on X. 

In the case p g (X) > 1 we find further restrictions for the number of (— l)-curves 
and their degrees. First we show that every (— l)-curve is irreducible. Whenever 
the canonical divisor Kx is effective, any exceptional divisor E is automatically a 
component, as K x ■ E = —1 < 0. Therefore E comes from a rational curve on X 
of degree c (by Proposition 3.3 through 2c + 1 triple points), which is contained 
in the base locus of the system of quadrics through the triple points. This is the 
adjoint system; we will call every quadric in it a canonical surface. 

Proposition 4.3 Let C be an irreducible (—l)-curve on X, let K be a canonical 
divisor {of degree 12) and C the residual curve of C in K . Then the strict 
transform C C X of C is disjoint from the strict transform C of C . 

Proof: First suppose that C is a conic. Then the residual curve C has degree 10, 
and no component of it lies in the plane through C. Therefore the intersection 
multiplicity C • C is at most 10. As C has multiplicity 2 in each of the five triple 
points on C, the intersection multiplicity is exactly 10 and C is disjoint from C\ 
If deg C > 4, then C lies on an irreducible quadric Q. We shall show that C 
is disjoint from C' on the blow up of Q in the points P G §. We first suppose 
that Q is smooth. Then C is a curve of type (a, b) with arithmetic genus p a = 
(a — l)(b — 1), and C has type (6 — a, 6 — b), so C ■ C = 6(a + b) — lab. Suppose 
that C has multiplicity 3 in r points P G §, multiplicity 2 in 5 points, and passes 
simply though a points. Then 3t + 28 + a — 2(a + b) + 1. As C is rational we 
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have that 3r + 5 < p a . This gives 5 + a > 3(a + b) — ah. The multiplicity of 
C U C is three in each point P G S, so C ■ C" > 25 + 2er. Therefore we find 

5 + a > 3(a + 6) - a& > 5 + a . 

So C intersects C only in points P G S and the blow up of these points separates 
both curves. 

The case that Q is a quadric cone with vertex outside § is handled in the 
same way. As C is smooth outside S and there does not intersect C we conclude 
that C does not pass through the vertex. 

Finally we investigate the case that the vertex of Q is a point P G S. Then 
K = C U C has multiplicity 6 in P. Let Q be the blow up of Q in the point 
P. Its Picard group is generated by E and /, with E 2 = —1, E ■ f = 1 and 
f 2 = 0; we have Kg ~ — 2P — 4/. The strict transform of K is a curve of 
type 3E + 12/. Let C have multiplicity m in P, then its strict transform C is 
a curve of type aE + (2a + m)f, with p a (C) = (a — l)(a + m — 1). We have 
C' ~ (3-a)P+(12-2a-m)/, so C -C' = 12a + 3m - 2a(a + m). Let C have r 
triple, 5 double and a simple points in § \ {P}. Then 3r + 25 + a — 4a + m + 1, 
3r + 5 < p a (C) and C • C' > 25 + 2a. Therefore 

5 + a > 6a + 2m — a(a + m) > 5 + cr + \m . 

We conclude that m = 0, so C docs not pass through P, and that C is disjoint 
from C'. □ 

Corollary 4.4 If p g (X) = X, then the degree of every (-l)-curve is one of 
{2, 4, 5, 6, 7, 8}. Moreover there are at most 6 such disjoint curves. If p g (X) = 2 
there are at most two (-l)-curves of degree 2 or 4 and if p g (X) > 3, there is at 
most one {—\)-curve of degree 2. 

Proof: In first case all (— l)-curves are contained in the unique canonical curve 
of degree 12. Moreover c 1 (X) 2 = —3 and p g (X) ^ 0, so X has at least three 
(— l)-curves, which are disjoint by proposition 4.3. In the second case the base 
locus of the adjoint system is a curve of degree < 4. In the last case the base 
locus of of the adjoint system is a curve of degree < 3. Now the proposition 
follows because there are no (— l)-curves of degree 1 or 3. □ 

We can now determine p g (X) for v — 9, 10. 
Corollary 4.5 If u = 9, then p g (X) = I. 

Proof: Let v — 9, then p g (X) > 1. If p g (X) > 2 corollary 4.4 implies that X has 
at most two (— l)-curves, which contradicts C\ (X) 2 = —3 and p g (X) ^ 0. □ 
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Corollary 4.6 If v = 10, then p g (X) = 0. 

Proof: Let v = 10, then c\ (X) 2 = —6. So if p g (X) > 0, then X contains at least 
six (— l)-curves. Then p g (X) = 1 by corollary 4.4 . The only possibility for six 
(— l)-curves is six conies C±, ... , Cq which make up Kx- Blowing down the six 
conies gives a minimal surface X with c\ (X) 2 = 0, c 2 (X) = 12 and = Ojf. 
But there is no such surface in the Enriques-Kodaira classification. □ 

In fact, an X with 10 triple points and p g (X) = 1 would have an equation of 
the form hi- ■ ■ h$ + q 3 where the hi define planes. Six planes intersect in 20 triple 
points. It is possible to choose 10 of them under the condition that no three lie 
on a line, but those points never lie on a quadric. We found our first example 
of a sextic with 9 triple points by taking hi ■ ■ ■ h§ + q 3 with q defining a quadric 
through 9 of the 10 points, chosen as required. 

Now let C C X be a rational quartic curve such that C C X is a smooth 
rational (— l)-curve. C is contained in a smooth quadric surface and is either of 
type (2,2) or (1,3). 

• If C is of type (2,2), then C has one double point in a triple point of X. 
Moreover C passes simply through seven other triple points. C is the base 
locus of a pencil of quadrics whose general member is smooth. 

• If C is of type (1,3), then C is smooth and passes simply through nine 
triple points of X. 

The case of a quartic (— l)-curve of type (1,3) turns out to be impossible. 

Lemma 4.7 Every quartic (-l)-curve on X is of type (2,2). 

Proof: Assume that Ci is a rational quartic (— l)-curve on X of type (1, 3). Then 
Ci is smooth and passes simply through nine triple points of X, so v E {9, 10}. 
Moreover Ci is contained in a unique smooth quadric Q = {q = 0}. We have two 
cases. 

Case v = 9: Then Q is the unique canonical surface (corollary 4.5). Every 
(— l)-curve is contained in the degree twelve curve K = Q-X. No five triple points 
lie on a plane, so there exist no (— l)-conics. But c x (X) 2 = —3 and p g (X) = 1, so 
there are at least three (— l)-curves. By corollary 4.4, the only possibility is three 
(— l)-curves: the curve C 1 of type (1,3) and two other quartic (—1) curves C 2 and 
C3 of types (3, 1) and (2,2). Both Ci and C<i have multiplicity one in all points 
of S, whereas C3 misses one triple point. This contradicts K = Ci + C2 + C3 and 
mult (K,P) = 3 for all P £ §>. 

Case v = 10: By corollary 4.6 we have p g (X) = 0, so Q passes exactly 
through nine triple points. If X — {/ = 0}, then a general element of the pencil 
defined by af + f3q 3 = is a sextic with v — 9 ordinary triple points and C\ as 
(— l)-curve. Hence we are done using the first case. □ 

As a further consequence we get the useful 
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Corollary 4.8 If C\, C 2 C X are two different (—l)-conics, then C\ and C 2 
meet in two distinct triple points of X . 

Proof: Let Hi be the plane containing C«, i = 1,2. Then Hi ■ X = 3Cj, so 
C\ fl C2 7^ 0. Moreover Hi is a tangent plane to X at every point of Ci. Thus 
every point of C\ fl C2 is a singular point, i.e. a triple point. If there is just 
one such point, then v > 9 and p g (X) = 11 — u, which contradicts one of the 
corollaries 4.5 and 4.6. □ 

Assume that X has v — 9 triple points Pi, . . . , Pg. Let Q be the unique 
(irreducible) canonical quadric surface and let K = Q ■ X be the adjoint curve. 
The resolution X has at least three disjoint (— l)-curves, which all are components 
of K. There are two main possibilities: either K is the union of all (— l)-curves 
or not. In the first case blowing them down gives a minimal surface X with 
Kjf = 0~x, so ci (X) 2 = and there are exactly three (— l)-curves with degrees 
Ci, c 2 and c 3 . It follows from corollary 4.4 that up to permutation 

(ci, c 2 , c 3 ) G {(2, 2, 8), (2, 4, 6), (2, 5, 5), (4, 4, 4)}. 

In the second case we end up with an effective canonical divisor after blowing 
down. In this case up to permutation the possible degrees are 

(2, 2, 2), (2, 2, 2, 2), (2, 2, 2, 2, 2), (2, 2, 4), (2, 2, 2, 4), (2, 2, 5), (2, 2, 2, 5), 
(2, 2, 6), (2, 2, 2, 6), (2, 2, 7), (2, 4, 4), (2, 4, 5). 

First we will rule out some cases. For the remaining cases, we will give explicit 
examples, when making a tour from zero to ten triple points, studying all possible 

cases. 

Proposition 4.9 If the (-l)-curves do not make up K, then there are exactly 
three with degrees (2,2,2) or (2,2,4). 

Proof: We exclude all other possibilities case by case. 

Suppose first that there are three (— l)-conics. As there are only nine triple 
points the only possibility is that the three planes containing the conies have only 
one point in common and that each intersection line contains two triple points, 
while the remaining three points each lie in only one plane. Assume now that 
there is a fourth (— l)-conic. Its five triple points have to lie on the intersection 
triangle with the first three planes with at least two triple points in the vertices. 
This implies that there are three triple points on a line, thus excluding the cases 
(2,2,2,2) and (2,2,2,2,2). Also (2,2,2,4) is not possible: a quartic (-l)-curve 
C passes through 8 triple points, and there is at least one plane Hi containing 
five of them, but C ■ Hi = 4. 

Case (2, 2, 5): As mult(C3, §) = 11 = 9 + 2 the curve C3 has either one triple 
point or two double points in §. But every irreducible degree five curve on Q 
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has arithmetic genus or 2. Every double point drops the genus by at least one, 
every triple point by at least three (as C3 does not pass through the vertex of Q if 
Q is singular). The only possibility is that C3 has two double points. As C3 is not 
a plane curve, it meets the plane of a (— l)-conic simply in the five triple points. 
But the two (— l)-conics contain together eight triple points, so C3 can have at 
most one double point, contradiction. This excludes also the case (2,2,2,5). 
The cases (2,2,6), (2,2,2,6) and (2,2,7) are similar. 

Case (2,4,4): Both C 2 and C3 are of type (2,2) and have a singular point in 
S outside H±. Counting intersection points of C 2 and C3 gives a count > 9 (with 
multiplicity). This contradicts C 2 • C 3 = 8. 

The case (2,4,5) is similar. □ 

We see that under the conditions of the proposition the degree of a (— l)-curve 
is always even. We shall show that this also holds if the degrees sum up to 12 
by excluding the case (2, 5, 5). It is possible to construct a reducible curve on Q 
consisting of a curve of type (1, 1), (2, 3) and (3, 2) with the required intersection 
behaviour. So we need a different type of argument. 

Proposition 4.10 If the (-l)-curves make up K, then 

(ci,c 2 ,c 3 )e{(2,2,8),(2,4,6),(4,4,4)}. 

Proof: Let (ci,c 2 ,c 3 ) = (2,5,5), heading for a contradiction. Let P±, . . . , P 5 be 
the five triple points on the conic C±. On X we have 3Ci ~ Un H — E 1 — . . . — E 5 , 

so 

3(C 2 + C 3 ) ~ Hn hH - 2(E l + ... + E 5 )-3(E 6 + --- + Eg). 

Therefore there exists a degree five surface Y = {g = 0} with multiplicity two at 
the points Pi, . . . , P 5 and triple points P 6 , . . . , P 9 such that / = hg — q 3 . Here 
Q = {q = 0} is the canonical quadric and H — {h — 0} is the plane containing 
C± = {q = h = 0}. As Y intersects Q in two irreducible curves of odd degree, 
Y is itself irreducible. A plane through three triple points intersects Y in the 
triangle formed by the triple points and a residual conic through them. If one of 
the five double points lies in the plane, the conic degenerates and has multiplicity 
two at the double point. But this would imply that three triple points of the 
original sextic lie on a line. Consider the reciprocal transformation centred in the 
triple points of Y. The image of Y will be an irreducible cubic surface Y' with 
five points of multiplicity two. Therefore Y' has nonisolated singularities: it has 
a double line. So Y itself has a double curve of degree at most three, passing 
through the five points Pi, . . . , P5. This means that the conic C\ is a component 
of the double line, so the sextic surface X is singular along C\. □ 
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4.2 Sextics with seven or less triple points 

For all surfaces X with up to four triple points X is minimal by proposition 3.3. 
No three triple points lie on a line, thus p g (X) = 10 — v. There are no constraints 
on the position of the triple points except that no three are on a line, so we get 
an equation of X just by solving linear equations in the coefficients. If four triple 
points Pi, P2, P 3 , Pi lie in a plane H C IP 3 , then X ■ H is a degree six curve with 
four triple points and hence splits into three conies: X ■ H = Ci + C 2 + C 3 . Then 
X has an equation of the form 

hg + gi<72<?3 = 

with H — {h — 0} and Ci = {h = qi = 0}, i — 1, 2, 3. Here g is a degree five form 
which vanishes in Pi, ... , P 4 to the second order. In any case, the base locus of 
the system of adjoint surfaces consists only of the triple points. 

Imposing a fifth triple point P 5 opens the possibility of a (— l)-curve. This 
happens if and only if Pi, . . . , P 5 lie on a plane H . Then X ■ H = 3C for a 
nondegenerate conic C and C C X is the (— 1) -curve. Every such surface has an 
equation of the form 

hg + q 3 = 

with H = {h = 0} and C = {h = q = 0}. Here g is a degree five form vanishing 
doubly in Pi, ... , P5. Then the base locus of the system of adjoint surfaces is 
exactly C. If the five triple points do not lie in a plane we find {Pi, ... , P5} as 
base locus. In any case p g (X) = 5. 

Let Pq be another triple point. Since six triple points cannot lie on a conic 
the geometric genus will drop by one: p g (X) = 4. We end up with the same 
cases as for v — 5 yielding as base locus C U {Pq} resp. {Pi, . . . , Pq}. 

Examples of sextics with v < 6 triple points and base locus {Pi, . . . , P u } of 
the adjoint system can be given as follows. Let Qi = {qi = 0} be generators of 
the linear system of quadrics through {Pi, . . . , P u }, % — 0, . . . , 10 — v. Then the 
general element of the linear system spanned by the mixed third powers of the 
has only triple points in Pi, ... , P v . For v < 5 every surface is of this form. For 
v — 6 the linear system of mixed third powers has dimension (3) — 1 = 19 while 
the system of all sextics with triple points has dimension Q — 1 — 6 ■ 10 = 23. 

Now we go for a seventh triple point P7. Again the geometric genus drops: 
p g (X) = 3. The base locus cannot be a degree three curve by proposition 4.1. 
If Pi, . . . , P 5 lie on a conic C, the base locus is C U {P6,Py}. If not, the 
net of quadrics defined by Pi, ... , P7 has a zero-dimensional base of the form 
{Pi, . . . , P7, P} for a eighth point P £ P 3 , which may be infinitely near to one of 
the points Pi, ... , P7. Now the mixed third powers of the qi have an additional 
singularity in P. They form a system of dimension 9, which is four less than the 
dimension of the system of all sextics with triple points. To find an equation of 
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such a surface it suffices to give one possibly reducible sextic not passing through 
P; the surface obtained by adding a general combination of third powers has then 
only 7 triple points. As such an extra sextic we can take the product g\g 2 of a 
cubic g>i with nodes in Pi, ... , P 4 passing simply through P 5 , P 6 , P 7 and a cubic 
g 2 with nodes in P 5 , P 6 , P 7 passing simply through Pi, . . . , P 4 . 

In all cases considered so far we end up with c\ (X) 2 > and p g (X) > 3, so 
X is a surface of general type. 

4.3 Eight triple points 

We distinguish the sextics with eight triple points by their geometric genus and 
their (— l)-curves. 

We can always choose seven of the eight points so that no five lie on a conic. 
These seven triple points Pi, . . . , P-j (no three on a line, no five on a conic) 
determine a net of quadrics spanned by Qi = {qi = 0}, i = 1,2,3. 

The case p g (X) = 3: this means that the eighth triple point P 8 is the 
eighth base point of the net. For a general ternary cubic form f 3 the surface 
X = {/3(?i, Q2, Q3) = 0} is a sextic with only triple points in Pi, . . . , P 8 . Here 
p g (X) = 3, thus q (X) = 1 and X is minimal because K is effective and has 
no fixed components, so X is minimal properly elliptic. This elliptic surface is 
fibred over an elliptic curve, namely the plane elliptic curve given by f 3 = 0. The 
fibration is induced by the net, i.e. given by (qi, q 2 , q 3 ) and each fibre is the base 
locus of a pencil of quadrics, in a way the reader easily can work out. Note that 
the elliptic resolutions of the triple points are sections of this fibration, and hence 
all isomorphic to the base. (This can also be seen by noting that the linear parts 
of the qiS at the basepoints are linearly independent.) 

The case p g (X) = 2: we assume that P 8 is not a base point of the net. Let 
the pencil of quadrics through P 1 , . . . , P 8 be spanned by Q 1 and Q 2 - Let C be 
the base locus of the pencil. For the (— l)-curves we can have four different cases: 

• one (— l)-curve of type (2,2), 

• two (— l)-conics, 

• one (— l)-conic and 

• no (—1) curves at all. 

One (— l)-curve of type (2,2): in this case the equation of X has a very 
special form. 

Lemma 4.11 If X contains a quartic (—l)-curve C of type (2,2), then the equa- 
tion of X has the form 

q og + g 3 = 
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with Qo = {qo = 0} a quadric cone through eight triple points with vertex in 
one of them and Q = {q = 0} a smooth quadric through the eight triple points. 
The pencil of quadrics with base locus C is spanned by Q and Qo- Moreover 
Y = {g = 0} is a quartic surface passing through the vertex of Qo with seven 
double points in the other seven triple points. 

Proof: Let Pi e § be the double point of C and let P 2 , . . . , P-j be the other triple 
points on C. Let M be the pencil of quadrics with base locus C. The general 
element QeMis smooth and intersects X in C and a residual curve Cq of type 
(4,4) passing simply through Pi and doubly through P 2 , . . . , P-j. Since C and 
Cq do not have a common component we have C n Cq = {Pi, . . . , Pg} in view of 
C -C Q = (2, 2) • (4, 4) = 16. Now fix a point P e C \ S. There exists a Q e M 
which has contact to X at P. In particular P G Cq , implying that C and Cq 
have a common component. Hence X ■ Q = 2C + C for a curve C of type (2, 2). 
Thus mult(X • Qq, Pi) > 4, so Qo is singular in Pi. Hence mult(C", Pi) > 2 and 
X ■ Qo = 3C' by Bezout. In view of C C Qo the quadric Qo has to be a quadric 
cone with vertex Pi. Then X has an equation as demanded. □ 

The condition that a quadric \Qi i n the net of quadrics through 7 points (in 
general position) is singular is that there exists a point P in which all derivatives 
of \q% vanish. Eliminating the \ gives that the maximal minors of 



have to vanish. This locus is known as the Steiner curve of the net. For Q we take 
a smooth quadric through the eight points. There exists a six parameter family of 
quartics through Pg with only nodes in Pi, . . . , P-j (quadrics in the net give a five 
parameter family, but the general quartic is not of that form). Let Y = {g = 0} 
be a general such quartic, then X = {q g + q 3 = 0} is a sextic with eight triple 
points and one (— l)-curve C of type (2,2). Altogether this construction has 13 
moduli: we find seven independent sextics with triple points in the given points, 
and the configuration of points has seven moduli. The minimal model X of X 
has Ci {X) 2 — 1, so X is of general type. 

Such a surface has a characterisation as the minimal model of a double cover 
of P 2 (the resolution of a quadric cone), branched along a 5-section disjoint from 
the minimal section (the node) and that section. If S denotes a section with 
S 2 = 2, and F a fibre, the branch curve is simply 5S + (S — 2F). As K = —2B 
we have K + B = S — F = (S — 2F) + F with S — 2F as fixed component. Thus 
the free part of the canonical pencil gives a genus two fibration. 

A generic quadric in the pencil intersects the sextic in a (6, 6) curve which 
splits up into the fixed component (the (2, 2) curve) and a residual (4, 4) curve 
with seven double points, passing simply through the node Pg of the (2, 2) curve. 
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The genus of the desingularisation is indeed 3x3 — 7 = 2, giving us the genus 
two pencil. 

In fact if {q + tqo = 0} is a quadric in the pencil, the residual curve is the 
intersection {q + tqo = tq 2 + g = 0}. The canonical system on such a genus 
two curve is given by adjunction as the pencil of (2, 2) curves passing through 
the seven nodes. Thus the involution on the surface will be given as follows. 
For each point P choose t such q + tq vanish at P, then consider the residual 
intersection with the base locus of the pencil of quadrics through Pi, ... , P 7 , P 
and the quartic {tq 2 + g — 0}. 

One (— l)-conic: such a sextic can be obtained as the reciprocal transform of 
the previous sextic in Pi, P 2 , P3 and P 8 (which necessarily do not lie in one plane). 
The quadric Q transforms into a smooth quadric Q' = {q 1 = 0}, Q transforms 
into a plane Hq = {h' = 0} and Y transforms into a quintic Y' = {g' = 0} with 
three triple points and five double points. So the transform X' of X satisfies the 
equation h' g' + q' 3 = 0. The image of C is a (— l)-conic lying in the plane H' . 
Conversely, every such sextic can be transformed into one with a (— l)-curve of 
type (2, 2): just take as fundamental points the three triple points not on H' and 
a fourth triple point on H' Q . The base locus of the pencil of quadrics consists of 
the (— l)-conic and another conic not contained in X' . This family again has 13 
moduli. 

Two (— l)-conics: the sextics X with two (— l)-conics C\ and C 2 are easily 
identified as those satisfying an equation of the form h\h 2 g + q 3 = 0. Here 
Hi = {hi = 0} are planes containing Cj, i = 1,2. By corollary 4.8, the two conies 
intersect in two triple points, say P 1 and P 2 . Then Y = {g = 0} is a quartic 
surface through P 1 and P 2 with only nodes in P 3 , . . . , P 8 and Q = {q = 0} is 
a general element of the pencil. There are ten linearly independent sextics with 
the eight triple points: four from the pencil spanned by hih 2 and q, another four 
of the form h\h\q\ where q\ is one of the four quadrics through P 3 , . . . , P$ and 
finally hih 2 ki, h\h 2 k 2 for cubics k\ and k 2 through all eight points such that h L 
has double points in the triple points not contained in hi, % — 1,2. The point 
configuration has five moduli, so we get a 14 parameter family. Again every such 
sextic is of general type. 

The minimal models will have p g = 2 and c\ = 2 and come equipped with 
genus three fibrations. Those will be defined by, in analogy with the case of a 
(— 1) curve of type (2, 2), as residual (4, 4) curves, with nodes at P3 . . . Pg, passing 
through Pi, P 2 . We leave it to the reader to work out the details. 

No (— l)-curves: it is not so immediate to construct such surfaces. We 
follow the classical construction for asyzygetic eight-nodal quartics [C, R], which 
we now recall. Seven points Pi, . . . , P7 in general position define a net of quadrics 
spanned by smooth quadrics Qi = {qi — 0}, i — 1, 2, 3. All quartics with nodes in 
Pi, ... , P 7 are given by g + f 2 (qi, q 2 , 93) = 0, where f 2 is a ternary quadratic form 
and g is a fixed nodal quartic, which we can take as the product of a cubic with 
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nodes in Pi, ... , P 4 passing simply through P 5 , P 6 , P7 and a plane through P 5 , 
Pq, P7. A sufficient condition for an eighth singular point is that the derivatives 
dg, dqi, dq2 and dq% are linearly dependent. The vanishing of the determinant 
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defines a degree six surface A, called the Cayley dianode surface. It is the closure 
of the locus of points P 8 such that there exists a quartic surface with only nodes 
in Pi, . . . , P 8 . In general the dianode surface has triple points in P 1 , . . . , P 7 as 
its only singularities, but it can reducible: if four points lie in a plane this plane 
becomes a component. 

We now look at sextics with seven triple points in general position. We find 
14 such sextic equations: the ten third powers of the three quadrics q±, q2 and 
qs, three equations of the form {gqi = 0} for a quartic g which is not a conic of 
the three quadrics and finally a sextic 5 not of this form, for which one can take 
the Cayley dianode surface. The vanishing of all second derivatives in an eighth 
point Pg gives ten linear equations in the 14 coefficients. Note however that the 
columns of the coefficient matrix are not linearly independent. We observe that 
the all second derivatives of a third power have the function itself as factor: 

(f 3 h = mVifj + ffa) ■ 

For a product we have 

(f 2 !!),, = Wj + ffn)9 + f(Vi9j + Vj9i + k9 + f9ij) 

and a similar expression for the derivatives of fgh. Suppose that / 7^ 0. Then 
we can divide all partials (f 3 )ij by / and after subtracting the same multiple of 
2/j/j + ffij from all partials (f 2 g)ij we can again divide by /. From (fg 2 )ij we 
can get Igigj + gg%j- So if one of the quadrics does not vanish (i.e., the point 
is not the 8th base point of the net), the 10 columns of the third powers give 
at most 6 independent ones and our matrix reduces to a 10 x 10 matrix. One 
obtains a determinant of degree 28, but the rank of the matrix is eight on the 
dianode surface, whose equation is double factor of the determinant. We are left 
with a surface A' of degree 16. It has as double curves the 21 lines joining the 
triple points, the 7 cubics though 6 of the 7 points and the Steiner curve of the 
net. The dianode surface A intersects A' exactly in its singular locus. 

Now we get two possibilities to construct a sextic, by taking P 8 in A or in A'. 
If P 8 is a general point of the Cayley dianode surface, there exists a quartic surface 
Y = {g = 0} with only nodes in P 1; . . . , P 8 . Then a general linear combination 
of gqi, gq2, qf, q\qi-, q\q\, q\ defines a sextic X with only triple points in the eight 
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points and containing the base locus of the pencil spanned by Q\ and Q 2 . The 
surface will be a (minimal) elliptic surface, whose elliptic pencil is given by the 
pencil of quadrics through the points Pi, ... , Pg: the residual intersection on a 
smooth quadric of the pencil is a curve of type (4, 4) with 8 double points. The 
point configuration having eight moduli, we get a 13 parameter family. 

Choosing P 8 G A' general we obtain a sextic with eight triple points not 
containing parts of the base locus of the pencil. The number of parameters is 
now 8 + 4 = 12. The surface is again a (minimal) elliptic surface, with elliptic 
pencil given by the pencil of quadrics: a general intersection is a (6, 6)-curve with 
eight triple points, hence the geometric genus is one. 

4.4 Nine triple points 

Assume that X has v — 9 triple points P\, . . . , P$. Let Q be the unique 
(irreducible) canonical quadric surface and let K = Q ■ X be the adjoint curve. 
By propositions 4.10 and 4.9 the resolution X has exactly three disjoint (— 1)- 
curves C\, C 2 , C 3 . If C 1 + C 2 + C 3 = K, blowing down C\, C 2 and C 3 gives a 
minimal surface X with c\ {X) 2 = 0, c 2 (X) = 24 and = O^. Then X is 
a K3 surface blown up in three points. Otherwise we end up with an effective 
canonical divisor after blowing down C\, C 2 and C 3 . This implies k(X) = 1 and 
thus X is the blowup of a minimal properly elliptic surface in three points. As it 
will have the same basic invariants as a K3 surface, it will be obtained from an 
elliptic such by a series of logarithmic transforms, i.e. making some elliptic fibres 
multiple. 

The sextic K3 surface 

Using corollary 4.8, the multiplicities of the (— l)-curves in the nine triple points 
are easily found to be (up to a permutation of triple points) as in the following 
table. 



type 




Pi 


P2 


Pz 


Pa 


P5 


Pq 


P 7 
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P9 
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(4,4,4) 
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1 


1 
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1 


1 


1 
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1 
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1 














1 
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1 
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(2,4,6) 


c 2 





2 


1 


1 


1 


1 


1 


1 


1 




c 3 


2 


1 


2 


2 


2 


1 


1 


1 
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Ci 


1 














1 


1 


1 


1 


(2,2,8) 


c 2 





1 


1 


1 











1 


1 




c 3 


2 


2 


2 


2 


3 


2 


2 


1 


1 



Table 5: multiplicities of the (— l)-curves 
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Proposition 4.12 If (01,02,03) = (4,4,4), then X satisfies an equation of the 
form 

<7i<?2<?3 + g 3 = , 

where Q = {q = 0} is the unique canonical surface. Each Qi = = 0} is a 
quadric cone through eight triple points with vertex in one of them andCi = Q-Qi, 
i = l,2, 3. 

Proof: The three quartic (— l)-curves are of type (2,2) by lemma 4.7. Lemma 
4.11 guarantees the existence of three quadric cones Qi = {qi = 0} such that 
X -Qi = 3d, i = l,2, 3. Thus X ■ (Q 1 + Q 2 + Q 3 ) = 3(d + C 2 + C 3 ), hence a 
equation of X and q\q 2 qj, differ by the cube of a quadratic polynomial vanishing in 
all triple points. Since p g (X) = 1, such polynomial defines the unique canonical 
surface. □ 

Let Qi = {qi = 0} be the quadric cones with vertices Pi such that Qi passes 
through Pj + i m od3 but not through Pj+2mod3, i — 1, 2, 3. We choose Pi, P 2 and P3 
as (1:0:0:0), (0:1:0:0) and (0:0:1:0). If we require that the quadrics also 
pass through (0:0:0:1) and (1:1:1:1) their equations can be written (inhomo- 
geneously) as 

q\ = z 2 + aiy + b x z - [a\ + h + l)yz, 
q 2 = x 2 + a 2 z + b 2 x - (a 2 + b 2 + l)xz, 
<?3 = V 2 + a 3 x + b 3 y - (a 3 + 63 + l)yx, 

where the aj and 6j are constants. The quadrics intersect in a zero-dimensional 
scheme of length 8 containing at least six distinct points. To find the canonical 
surface Q = {q = 0} we have to pick six points P4, . . . Pg. It is easier to specify 
the remaining scheme of length two. For a Zariski open set of the stratum it 
will consist of two points in general position, which we take as (0:0:0:1) and 
(1:1:1:1). Thus we require that Q does not pass through these two points. To 
compute its equation q = we note that the qi lie in the ideal defining (1:1:1:1); 
they can be written in vector form as 

qi\ I (b 1 + z)z (ai-z)y\ /l-x\ 
<?2 J = I (a 2 - x)z (6 2 + x)x I 1 - y . 
53/ \(h + y)y (a 3 -y)x / \l-zj 

In the triple points of X the % vanish, while (x,y,z) 7^ (1,1,1). So the de- 
terminant of the matrix vanishes. Dividing it by xyz gives the inhomogeneous 
equation 

q= (a 1 - z)(a 2 - x)(a 3 - y) + (b x + z)(b 2 + x)(b 3 + y) 
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which is indeed the sought after quadric (note that the two terms xyz cancel). 
The general element of the pencil aqiq 2 q3 + fiq 3 defines a sextic X with nine triple 
points with multiplicities as in the first part of table 5. 

A particular example is obtained by taking b{ — 0, = —1, so (91,52,93) = 
[z 2 — y, x 2 — z, y 2 — x) and P 3+i = (r] A \ rf 1 , rf) with 77 a primitive seventh root of 
unity. The number of parameters in the construction is 7 (the a iy bi and (a : (3)). 

Now consider the reciprocal transformation with fundamental points Pi, P 2 , 
P4 and P5. In general the image X' of X will have nine ordinary triple points as 
only singularities. It can be checked that this is indeed the case for the particular 
example, where we take {j] 4 , rf, rf) and (rf 4 , rf, rf) as third and fourth fundamental 
point. Then the image H[ of Qi is a plane, the image Q' 2 of Q2 is a quadric cone 
and the image Y 3 ' of Q3 is a cubic surface with four nodes. The image Q' of Q 
being again a quadric, the sextic X' is given by an equation of the form 

h'M + ^ = °- 

Note that Ci, C 2 and C 3 are mapped onto (— l)-curves C[, C 2 and C 3 of degree 
2, 4 and 6. 

Surfaces with an equation of this type form a seven dimensional family. The 
nodes of the cubic, the vertex of the quadric and two points in the plane can be 
specified, while the last two are then to be found among the four other intersection 
points of the cubic, the cone and the plane. The dimension of the Zariski tangent 
space to the equisingular stratum in the specific example is 15 + 7, so we obtain 
a full seven parameter family of sextics with nine triple points and (01,02,03) = 
(2,4,6). 

Now let X have (ci, C2, C3) = (2, 4, 6) and an equation of the form h^g + q 3 = 
0, where hi determines a plane Hi, qi a quadric cone Q2 and #3 a four- nodal cubic 
Y3. Consider the reciprocal transform with fundamental points P 2 , P5, Pe and 
P-j as in table 5. Continuing with the specific example above, one can take the 
images of the points (rj, rf,rf) and {r\,lf ,fj 2 ) as Pq and P7. The reciprocal image 
has nine ordinary triple points, so again this property holds on an open dense set 
in the parameter space of all sextics with (01,02,03) = (2,4,6). Here the image 
H[ of Hi is again a plane, the image H' 2 of Q 2 is also a plane and the image Y± 
of Y 3 is a quartic surface with one triple point and six double points. The image 
Q' of Q is again a quadric, so the image X' of X is given by an equation of the 
form 

Kh' 2 gi + q' 3 = 0. 

This time the curves Ci, C 2 and C 3 are mapped onto (— l)-curves C[, C 2 and C 3 
of degrees 2, 2 and 8. 

Once more we check that this is a full seven parameter family of sextic surfaces 
with nine triple points and (ci,c 2 ,c 3 ) = (2,2,8). A direct construction of the 
family starts with seven points in general position, of which we choose one as 



25 



the triple point for the quartic Y 4 and divide the remaining six into two groups 
of three, each determining a plane Hi. The intersection Y4 n Hi (1 H 2 consists of 
four points. Two of them can be triple points for a sextic (remember that three 
are not allowed on a line) in the pencil aq 3 + (3hih 2 g±. An explicit example starts 
coordinate vertices and the points (A : 1 : 1 : 1), (1 : A : 1 : 1) and (1 : 1 : A : 1). 
We get 

h=t, h 2 = x + y + z-(X + 2)t 
g 4 = A(A + 1)(A + 2)(xy + xz + yzf - (2A + 1) 2 (A + l)xyz(x + y + z) 
-A(2A + l)(xy + xz + yz)(x + y + z)t + (2A + 1) 2 (A + 2)xyzt . 

The intersection line H x n H 2 is now a double tangent of F 4 fl Hi so we take the 
two points of tangency as last two triple points. We find 

q = (2 + \){xy + xz + yz) - (2A + 1)(A + \){x + y + z)t . 

There is a certain amount of choice in the fundamental points of the reciprocal 
transformations. They depend also on the position of the triple points. So we 
can conclude that we obtain correspondences between our families of sextics with 
triple points, whose exact nature we did not determine. We will say that our 
families are 'related via reciprocal transformations'. 

We summarise our findings. 

Theorem 4.13 For every (ci,c 2 ,c 3 ) G {(2, 2, 8), (2, 4, 6), (4, 4, 4)} there exists a 
seven parameter family of sextic surfaces with nine triple points and three (— 1)- 
curves of degrees c\, c 2 and c 3 . The three families are related via reciprocal trans- 
formations. For every such surface X its minimal desingularisation X is a K3 
surface blown up in three points. Moreover X satisfies an equation of the form 

gig 2 <?3 + <? 3 = if(ci,c 2 ,c 3 ) = (4,4,4). 

+ g 3 = if (ci, c 2 , c 3 ) = (2, 4, 6), 
hih 2 g A + q 3 = if(ci,c 2 ,c 3 ) = (2,2,8). 

Here Q = {q = 0} is the unique canonical surface. The three exceptional curves 
are in each case obtained as the locus where one of the three forms in the product 
and q vanish. In the last case g 4 defines a quartic surface with a triple point six 
double points. In the second case, g 3 defines a four nodal cubic. 

It may now be amusing to digress on the geometry of the K3 surfaces obtained. 
Consider the case (4,4,4). Let Ei be the image in the minimal K3 surface of 
the exceptional curve in the resolution of Pj. Notice that Ef — 2 if % < 3 and 
Ef = otherwise. Furthermore for i 7^ j we have Ei ■ Ej = 2 if i,j < 3 while 
Ei ■ Ej = 3 otherwise. For future reference let us denote the case E 2 = as the 
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first type and E 2 = 2 as the second type, and by slight abuse of terminology, also 
the corresponding triple points. 
It is now easy to write down 



and from the above it is straightforward to check that (2H) 2 = 24. Notice also 
that ^j^Ei is an even divisor. 

Conversely given such a configuration of curves Ei in the Picard group we 
need to choose the points q to be blown up carefully. Any divisor E with E 2 = 2 
on a K3 surface determines a net, and thus a Jacobian curve of the net, cor- 
responding to the curve-locus of singular points of singular members. Each Ei, 
i < 3 determines such a curve J,. The point C\ has to be chosen on J\. The 
point C2 has to lie on the intersection of J 2 with some element in \Ei\ singular 
at ci and we expect only a finite number of such choices. Furthermore c 3 has to 
lie on the intersection of J3 with some element of l-E^I singular at c 2 , and finally 
some element of singular at C3 should pass through c\. This indicates that 
Ci should be chosen with care, and you thus expect only a finite number of con- 
figurations of points q. Further conditions are that the remaining Ei also pass 
through the points q. We expect a 1 1-dimensional family of K3 surfaces with the 
appropriate sublattices, and therefore four independent conditions. Their exact 
nature remains mysterious. 

To consider the two remaining cases, one writes down respectively 



with different intersection matrices, and similar conditions on the points q; in 
the last case there will also be a third type of elliptic curve (E 2 = 6). 

To see how those are related to the first case we note (once again) the fact that 
the intersection of a sextic with a plane passing through exactly three triple point 
gives an elliptic curve F with F 2 = —3 after the resolution. Given a tetrahedron 
of triple points, thus means replacing the exceptional vertices with the elliptic 
curves of the faces. 

To make this explicit return to the first case (4,4,4). Let us denote by i, j, 
k different integers strictly greater than three, and m an integer less or equal to 
three. We get four cases for F namely 



2H = J2E l -8(C 1 + C 2 + C 3 ) 




and 




F = H + 3(d + C 2 + C 3 ) -Ei- Ej - E k 



or 



F = H + 3(Ci + C2 + C3) — Ei — Ei — £3 
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with F ■ C m = 1 and also 

F = H + 4Ci + 2C 2 + 3C 3 - Si - - E k 

or 

F — H + 4Ci + 3C 2 + 2C 3 ) -E 1 -E 2 -E k 

with F • Ci = 0, F • C 2 = 2, F ■ C 3 = 1 and F ■ d = 0, F ■ C 2 = 1, F • C 3 = 2 
respectively. 

Thus in the first two cases we get elliptic curves F of the first type, while in 
the last two cases, curves of the second type. 

In the case (4,4,4) we have three curves of the second type and six of the 
first. If we choose a tetrahedron with no triple points of the second type, or three, 
the number of elliptic curves of first or second type will not change. However if 
there are one or two triple points of the second type, after the transformation the 
number of each type will change from 6, 3 to 4, 5 landing us in the case (2, 4, 6). 
We leave it to the reader to continue the analysis and show how we can get from 
situation (2, 4, 6) back to (4, 4, 4) or to (2, 2, 8). 

The sextic properly elliptic surface 

Now we turn to the remaining cases where C\ + C 2 + C 3 does not make up K. 
Using corollary 4.8 again, the multiplicities of the (— l)-curves in the nine triple 
points are easily found to be (up to a permutation of triple points) as in the 
following table. 



type 




Pi 


P2 


p 3 


Pa 


p 5 


p e 


p 7 


Ps 


Pg 












1 


1 


1 


1 


1 








(2,2,2) 


c 2 


1 


1 








1 


1 





1 







c 3 


1 


1 


1 


1 














1 












1 


1 


1 


1 


1 








(2,2,4) 


c 2 


1 


1 








1 


1 





1 







c 3 


1 


1 


1 


1 





1 


1 


1 


2 



Table 6: multiplicities of the (— l)-curves 



Let us construct a sextic X with nine triple points and (ci,c 2 ,c 3 ) = (2,2,2). 
Then X has an equation of the form / = h\h 2 h 3 g + g 3 = 0. So take three planes 
in general position Hi = {hi — 0}, % — 1, 2, 3 and let L 1 = H 1 C\H 2 , L 2 = Hid H 3 
and L 3 = H 2 C\H 3 be the lines of intersection. On each line Lj choose two different 
points P 2 j-i, P 2 i. Finally choose points Pi + j G Hi not on the lines. The nine 
points determine a unique quadric Q = {q = 0}. Let H^ = {/i 4 = 0} be the plane 
through P 7 , P 8 and P 9 . The reducible cubic qh 4 = is an element of the pencil of 
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cubics through all points with double points in P 7 , P 8 and P 9 . Let Y = {g = 0} 
be another such cubic. Then the general element of the net 

aq 3 + /3hih 2 h 3 qh 4 + ^h x h 2 h z g 

has only isolated triple points at the nine points. 

Note that the canonical divisor will be a (3, 3) curve with three nodes, the 
intersection of Y with Q. This is an elliptic curve and constitutes a reduced 
multiple fibre F . As K = (m — 1)F we conclude m — 2. (In fact we have, 
as X has the same invariants as a K3 surface, K = X]i( m « ~~ 1)-^™.;, where all 
the multiple fibres F m . are fixed components of the canonical divisor) Thus we 
have blown up a so called 'fake K3 y surface, obtained from an elliptic K3 surface, 
by making a fibre double. Thus in particular P 2 = 2 as IK = F. In fact the 
bicanonical divisors are given by quartics with nodes at the nine triple points. 
We can write down two independent such quartics, namely q 2 and h\h 2 h?,h/±. 
The pencil spanned by those cuts out the residual to the configuration of the 
three exceptional conies (with multiplicity two). As we have noted q 2 cuts out 
the double fibre F , while the other quartic will cut out the elliptic curve F 
(intersection with the plane h±) along with the three exceptional divisors. Thus 
F is a general fibre, which has been blown up three times. 

It could be interesting to investigate the position of the resolution curves Ei 
(corresponding to the triple points Pi). Three of those E 7) E%, Eg span the plane 
hi and thus each of them intersects F three times. They also intersect Fq twice 
(corresponding to its nodes). Furthermore each of them intersects exactly one of 
the exceptional divisors, namely the one, whose plane the corresponding triple 
point happens to lie on. Thus in the minimal model these curves are elliptic four- 
sections, thus self-intersection —2. The remaining six intersect F simply, hence 
are bi-sections, meaning self-intersection —1. Each of those intersects exactly two 
exceptional divisors and in the minimal model they will intersect F twice rather 
than being disjoint from it, as in the resolution. 

The reader could easily work out the intersection matrix of those nine curves 
and from that write down the hyperplane section. A similar analysis could be 
made for the second case (to be discussed below), and the relation between the two 
via the reciprocal transformation, elucidated by considering the possible tetrahe- 
drons of triple points. 

In order to search for a tenth triple point we need explicit equations. After a 
change of coordinates we may assume that the planes are the sides of the coordi- 
nate tetrahedron. The remaining coordinate transformations are given by diag- 
onal matrices. We take P 7 = (0 : 1 : A : 0), P 8 = (/i : : 1 : 0) and P 9 = (1 : v : : 0). 
A cubic through these points and also through (0:0:0:1) is 

g = w 2 (aix + a 2 y + a 3 z) 

+ w(aix(vx — y — jiuz) + a^y{\y — Xux — z) + a§z{\iz — x — /iXz)) 
+ {yx — y — fj,uz)(Xy — Xux — z)(/iz — x — /iXz), 
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while a quadric through P 7 , P 8 and Pg is 

q = b 4 b 5 b6W 2 + w(bib A x + b 2 b 5 y + b 3 b 6 z) 

+ b±x{yx — y — fiuz) + b 5 y(Xy — Xvx — z) + b Q z{jiz — x — fxXz), 

where the parameters are chosen with hindsight. The condition that Y and Q 
intersect the coordinate axes in the same points leads to easy equations between 
the coefficients. We get 

g = w 2 (Xvb 5 b e x + Xj^b^y + fxvb^z) 

+ w(Xbix(vx — y — jiuz) + jib 2 y{Xy — Xvx — z) + ub 3 z(fiz — x — fiXz)) 
+ {yx — y — /M>z)(Xy — Xvx — z)(/iz — x — muXz) . 

The formulas contain nine parameters, three of which can be removed by coor- 
dinate transformations. The family depends therefore on eight moduli. 

We can specialise to a symmetric equation by taking X = n = v = \,bi = b 2 = 
b ?! = b and 6 4 = 65 = b% = y/a. With a = b = 1 the surface X = {xyzg + g 3 = 0} 
is a sextic with only nine triple points. 

In this example we can compute the tangent space to the equisingular stratum 
to have dimension 15 + 8. This shows that our construction fills up a whole 
component. Note that the multiplicities of the (— l)-curves are just as in table 6. 

Consider the reciprocal transformation centred in P 6 , P 7 , P s and Pg. The 
image H[ of H 1 is a plane, the image H' 2 of H 2 is a plane, the image Q' 3 of H 3 is 
a quadric cone and the image Q' 4 of K is a smooth quadric. So the image X' of 
X is given by an equation 

aq' 3 + i3h! x h! 2 q' x q' + iKKqWi = • 

The images C{, C 2 and C' 3 of Ci, C 2 and C 3 are (— l)-curves of degrees 2, 2 and 4. 
As before we see that the two cases (ci, c 2 , C3) = (2, 2, 2) and (ci, C2, C3) = (2, 2, 4) 
are related by reciprocal transformations. So there exists an eight parameter 
family of sextics with nine triple points and (ci, c 2 , C3) = (2, 2, 4). 

Now the canonical divisor will be a smooth (2, 2) curve. It is again a fibre 
occurring with multiplicity two. 

We summarise: 

Theorem 4.14 For every (ci,c 2 ,c 3 ) G {(2, 2, 2), (2, 2, 4)} there exists an eight 
parameter family of sextic surfaces with nine triple points and three (— 1)- curves of 
degrees c\, c 2 and C3. The two families are related via reciprocal transformations. 
For every such surface X its minimal desingularisation X is a minimal properly 
elliptic surface blown up in three points. Moreover X satisfies an equation of the 
form 

hih 2 h 3 g + q 3 = if (ci, c 2 , c 3 ) = (2, 2, 2), 
hhq^g + q 3 = if(c 1: c 2 ,c 3 ) = (2,2, 4). 
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Here Q = {q = 0} is the unique canonical surface. The three exceptional curves 
are in each case obtained as the locus where the three forms in the product and q 
vanish. In the first case g defines a cubic with three double points. In the second 
case, g defines a smooth quadric. 

4.5 Ten triple points 

Let X be a sextic with v = 10 triple points. As for the type of X in the classifi- 
cation, we have the 

Proposition 4.15 If v — 10, then X is rational. 

Proof: We will show that k(X) = — oo, then the result follows from the Enriques- 
Kodaira classification. 

Assume that k(X) = 0. Then X would be an Enriques surface X blown up 
in six points. Hence P 2 (X) = 1, so there exists a unique quartic bicanonical 
surface Y intersecting X in a degree 24 curve D made up by the six (— l)-curves 
Ci, . . . , C 6 of degrees c±, ... , c 6 (remember 2K^ = Ox)- On the one hand we 
get mult(-D, S) = 2(ci + . . . + Cq) + 6 = 54 from proposition 3.3. On the other 
hand 2Kx ~/m 4if — 2E, hence mult(-D, §) = 10 • 2 • 3 = 60, contradiction. 

Now assume that k(X) > 1, then P 2 (X) > 2. So we have at least two quartic 
bicanonical surfaces Y\ and Y 2 intersecting in a degree 16 curve D. We must 
have mult(.D, S) = 10 • 2 • 2 = 40. There exists a decomposition D = D\ + D 2 
with D\ C X and no component of D 2 7^ is contained in X. Let di = degDi, 
% = 1,2. Then mult(X>,S) = mult(L>i,S) + mu\t(D 2 , §) < 5d 1 /2 + 2d 2 < 40, 
contradiction. □ 

Every sextic with ten triple points is a specialisation of a family of sextics with 
nine triple points: if Q = {q = 0} is the unique quadric through nine out of the 
ten triple points, the general element of the pencil af + j3q 3 = is a sextic with 
nine triple points, where / is a defining equation for X. A sextic with v = 10 
is likely to be found in any of the five families with nine triple points described 
above, as a triple point gives seven conditions. However the equations on the 
coefficients become rather formidable, and we have only succeeded in one case 
by imposing extra symmetry. We start with the first family of properly elliptic 
surfaces with equations 

aq 3 + fixyzqw + •yxyzg 

where the planes H\ — {x — 0}, . . . , = {w = 0} are the faces of the coordinate 
tetrahedron and the cubic and quadric are as given above. We use the remaining 
freedom in coordinate transformations to place the putative tenth triple point in 
(1:1:1:1). We compute in the afline chart w — 1. 

The condition for a triple point is then that the function, its derivatives and 
the second order derivatives vanish at (1,1,1). This gives ten equations which 
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are linear in a, (3 and 7, so we may eliminate them: the maximal minors of the 
coefficient matrix have to vanish. We have 



dxyzg d 2 xyzg 

___ = yzg + xyzg x , — = 2yzg x + xyzg xx and 

d 2 xyzg 

dxdy = zg + xzg x + yzg y + xyzg xy . 

Now we plug in x — y — z — 1. From g we get 
\vb 5 b 6 + AyU& 4 & 6 + /iz/6 4 & 5 

+ A6i(f — 1 — fiu) + /i&2(A — Af — 1) + z/6 3 (/i — 1 — /xA) 
+ (1/ - 1 - fiv)(\ - \v - l)(n - 1 - 11X), 

an expression which we continue to denote by g. We get also expressions for all 
derivatives. Likewise we have 

q = b 4 b 5 b 6 + (6164 + b 2 b 5 + hb 6 ) 

+ b±{y — 1 — jiu) + 6 5 (A — \u — 1) + 6 6 (/i — 1 — /iA) . 



Moreover 



dq 3 2 d 2 q 3 2 2 

^7 = 3g q x , -r^z = 3g + 6qq x and 



d 2 q 3 
dxdy 



3q 2 q xy + Qqq x q y . 




All these are divisible by q. After dividing by q our matrix has the following 
form: 

3qq xx + 6ql ■■■ 3qq xy + 6q x q y 
2q x + qxx • • • q + q x + q y + q xy 

2g X + 9xx ■■ ■ 9 + 9x+ 9y + 9xy 

We simplify this matrix by subtracting 3q times the second row from the first 
row to remove all second derivatives from the first row. After that we apply only 
column operations. A computation reveals that q xx + 2uq xy + v 2 q yy = and also 
g xx + 2ug xy + v 2 g yy = 0. Analogous equations hold for the other second partials. 
After multiplying the column containing q xy by v and further column operations 
we get 

... 2q 2 - Qqq x ... p xy . 

q X x ... . 
9xx . 
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where 



Pxy = <y + v + l)q 2 - 3(i/ + l)g(i/g y + g x ) + 3{vq y + q x ) 2 . 

Now the entries in the columns with two zeroes have to vanish, for otherwise 
a = and the equation for the sextic is divisible by xyz. We obtain the three 
equations 

(u 2 + u + l)q 2 - 3(u + l)q(vq y + q x ) + 3(yq y + q x f = , 
(ju 2 + fi + l)q 2 - 3(fi + l)q{nq x + q z ) + 3{^q x + q z ) 2 = , 
(A 2 + A + l)g 2 - 3(A + l)q(Xq z + q y ) + 3(\q z + q y ) 2 = . 

This shows that the locus we are after consists of several components. The 
discriminant of the first equation, as a quadratic form in q and uq y + q x , equals 
—3(u — l) 2 , which implies that no solution is defined over R. In principle q x is 
now expressible in terms of A, /i, v and q, so the first row becomes divisible by 
q 2 . We may divide by q 2 because there is no quadric through all ten triple points. 

This simplification is not enough to solve the equations. To obtain manageable 
equations we impose symmetry. We take A = /i — is, 61 = b 2 — b 3 — b and 
64 = b 5 = 6 6 = ^fa. This gives 

g = \ 2 a(x + y + z) + b (x(\x — y — \ 2 z) + y(\y — A 2 x — z) + z{\z — x — \ 2 y)) 
+ (\x — y — \ 2 z)(\y — \ 2 x — z)(Xz — x — \ 2 y) 

and after dividing by -Ja 

q = a + b(x + y + z) + x(\x — y — \ 2 z) + y(Xy — \ 2 x — z) + z[\z — x — \ 2 y). 

The second derivatives evaluated in (1, 1, 1) give only four different equations due 
to the symmetry in x, y and z. Our three equations reduce to 

l(A-l)V + 3(A + l) 2 (g,-ig) 2 = 0. 

Substituting the values of q and q x gives up to a constant 

3(A - 1) 2 (6 + a/3 - A 2 + A - l) 2 + (A + 1) 2 (6 + a + A 2 - A + l) 2 = . 

The first seven columns of our matrix above reduce to three independent ones. 
After multiplication of the last column by (A + l) 2 we can use the equation above 
to eliminate q x . Upon division by A we get 

/-2q 2 -q 2 -q 2 
q q x qxy-q XX 

\ 9 9x 9xy 9xx 
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As q 7^ we get as second equation 

Q(9x + 9xx ~ 9xy) ~ (q x + Qxx ~ <lxy)g ~ ^x{9xx ~ 9xy) + ^{Qxx ~ q X y)9x 

and by subtracting a suitable multiple of the first equation it becomes divisible 
by (A 2 — l) 2 , giving as final equations 

a 2 + 3ab + 3b 2 - 3a\ = , 

3(A - f ) 2 {b + a/3 - A 2 + A - l) 2 + (A + l) 2 (b + a + A 2 - A + f) 2 = . 

These equations define a reducible curve, but no component is defined over Q. 
To get a specific example note that in characteristic 31 there is a solution A = 2, 
a = 9 and b = —11. For these values of the parameters one finds explicit points. 
A Macaulay computation shows that there is in fact a unique sextic with only 
isolated triple points in the ten points. This shows that for a general solution 
over C of the equations above a unique surface with ten triple points exists. 

Computing the dimension of the tangent space to the equisingular stratum for 
the specific example gives 15 + 3. However if one looks at the number of equations 
and the number of variables it seems that in the general case the solution space 
has to be one-dimensional. 

If one leaves out Pj, P$ or Pg, one finds a pencil of sextics with nine triple 
points in the remaining ones, which contains as reducible curve two conies with 
five points in it and a degree eight curve with one triple point and six nodes. 
This is a surface with nine triple points and (ci,c 2 ,c 3 ) = (2,2,8)! So the sextic 
with ten triple points lies in the closure of several families. We get solutions in 
the closure of other families by applying Cremona transformations. 

One could also start out with the family aq 3 + flqiq^qz- The surfaces with ten 
triple points in this family are reciprocally related with the surfaces in the other 
families with the same number of parameters. As the Cremona transformation 
depends on the position of the points it might be possible that one finds a real 
surface in this family. Unfortunately the corresponding equations are too difficult 
to solve. 

Altogether we have proved the following 

Theorem 4.16 For every triple 

(ci, c 2 , c 3 ) G {(2, 2, 2), (2, 2, 4), (2, 2, 8), (2, 4, 6), (4, 4, 4)}, 

the closure of the seven parameter family of sextics with v — 9 triple points and 
(-l)-curves of degrees c\, c 2 and c 2 contains at least a one parameter family of 
rational sextics with ten triple points. 

Corollary 4.17 /x 3 (6) = 10. 
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4.6 Summary 

Theorem 4.18 The sextics with triple points fall into 18 classes according to the 
following table. 
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All numbers denote invariants of the corresponding surface and #(—1) denotes 
the number of (— 1)- curves distinguishing X from its minimal model X . 

5 Higher degree 

Surfaces of degree d > 7 with many triple points are surfaces of general type 
by corollary 3.4. It is, as with surface with many ordinary double points, very 
difficult to find explicit examples of high degree with many ordinary triple points. 
A septic surface (d = 7) can have at most 17 triple points by the spectrum bound. 

We construct a one parameter family of septics with 16 triple points. The 
symmetric group 64 acts on the polynomial ring C[x, y,z,w] by permutation of 
the variables. The C vector space of all ^-symmetric polynomials of degree seven 
has dimension eleven and is generated by the polynomials 

Cl) Ci<7 2 , a l a 3i a l a 2) °f<74, <7i<7 2 (73, O x o\, (7^(74, °"i<t|, 0-ja 3 , a 3 a 4 . 

Here <jj denotes the i-th elementary symmetric polynomial, % — 1, . . . , 4. Now 
take as 16 triple points the SVorbit of length four generated by P\ = (1 : : : 0) 
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consisting of the vertices of the coordinate tetrahedron and an orbit of twelve 
points generated by a point R\ = (A : /i : v : v). 

For a ^-symmetric septic, the condition to have a triple point in Pi implies 
that the coefficients of the first four polynomials vanish. Imposing a triple point 
in Ri gives 10 equations in 7 coefficients, which by symmetry reduce to seven 
equations. This system of linear equations gives an 7 x 7 matrix whose determi- 
nant is up to a constant 

z/ 5 (A - /i) 4 (A - z/) 5 (/i - uf(X + u)(pl + u)(X + pl + 2vf 
■ (Xfi - z/ 2 )(2A/i + Xv + nv)(Xn + 2Xv + 2/jlu + v 2 f. 

It is easily checked that all solutions except A + v = or equivalently /j, + v — 
correspond to either degenerate surfaces or to orbits with less than twelve 
points. For A + v = the orbit of triple points is generated by {—v : fj, : v : v). 
The coefficients of the symmetric polynomials are now easily determined. For 
general values of (// : v) e P 1 one has indeed a septic with 16 isolated ordinary 
triple points. Computing the dimension of the tangent space to the equisingular 
stratum gives one, so all surfaces in the family have ^-symmetry. There is no 
irreducible surface with 17 triple points in this family. 

Theorem 5.1 The general element of the one parameter family of S \- symmetric 
septics given by 

(pi - u) 3 iy(afa 2 o- 3 - o\o\ - afa 4 ) — (fi + v)v z aial — (fi + u)(fi 3 - u 3 )ala 3 

+ (/i + !/)(// — ^) 2 (/i + 2is)<7 1 cr 2 o~4 + (/•* + ~ ^) 3 0"3°"4 = 

has 16 ordinary triple points as its only singularities. 

Corollary 5.2 16 < // 3 (7) < 17. 

Remark 5.3 Whenever 16 points are invariant under the symmetric group S4, 
it is tempting to ask if they form a Kummer configuration. This is not the case 
here. 
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